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Vertical Deflection of a Pre-Stressed Concrete Bridge
Obtained Using Deformation Sensors and Inclinometer

Measurements

by Samuel Vurpillot, Gaston Krueger, David Benouaich, Denis Clément, and Daniele Inaudi

The serviceability of a bridge is generally analyzed by a comparison
between the vertical deflections expected by the engineer and those mea-
sured during a load test or in the long term. The existing methods do not
allow the determination of the vertical displacements from the measure-
ments carried out by a network of deformation sensors placed inside the
bridge. The mathematical model presented here allows the determination
of the displacement field from internal horizontal deformation measure-
ments and helps in the design of the required sensor network. This model
was tested on an experimental model and on the Lutrive Highway Bridge
(Swirzerland) by comparing the changes in vertical displacements under
daily temperature variations obtained with the proposed method, with
those measured directly using an absolute hydrostatic leveling system.
Fiber optic deformation sensors and electrical inclinometers were used to
carry out the measurements. With this deformation monitoring system, fea-
turing a precision of 10 um on 1 m long deformation sensors, it is possible
to retrieve the vertical displacement field of a beam with a global error less
than 8 percent.

Keywords: bridge monitoring; deformation; deformation sensors; fiber
optic sensor; long-term monitoring; smart structures; structural analysis.

RESEARCH SIGNIFICANCE

In many bridges, the vertical displacements are the most
relevant parameters to be monitored in both the short and
long term. Current methods (such as triangulation, water lev-
els, or mechanical extensometers, etc.) are often tedious to
use and require the intervention of specialized operators. The
resulting complexity and costs limit the temporal frequency
of these traditional measurements. The spatial resolution ob-
tained is in general low, and only the presence of anomalies
in the global structural behavior can be detected and warrant
a deeper and more precise evaluation.

To measure bridge vertical displacements at low cost and
frequency in time, a solution consists of installing a network
of relative displacement sensors during concrete pouring or
installing it on the surface of the structure.

This paper reports the results of one of the first full-scale
tests on a bridge with fiber optic sensors, and will help engi-
neers to choose the sensor network design.
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INTRODUCTION

The security of certain large civil structures demands a pe-
riodical monitoring in order to ensure the safety of its users
and to help in the planning of the maintenance interventions.
The current methods (such as triangulation, hydrostatic lev-
eling, vibrating strings, or mechanical extensometers) are of-
ten tedious in their application and require the intervention
of specialized operators. The resulting complexity and costs
limit the frequency of these measurements in time. The spa-
tial resolution obtained is usually low and only the presence
of anomalies in the global structural behavior urges a deeper
and more precise evaluation. A quality network of sensors
equipping the structure does not increase by itself its safety
if not accompanied by a comprehensive analysis of the mea-
surements. There is, therefore, a real need for a tool enabling
automatic and permanent structural and satisfying the at-
tributes of high precision and good spatial resolution. In the
last few years, the concept of “smart structures” has increas-
ingly gained in interest from the civil engineering communi-
ty. These structures composed of sensors, processing units,
and actuators could provide an answer to these needs.

MATHEMATICAL MODEL FOR THE
DETERMINATION OF VERTICAL DISPLACEMENTS
FROM INTERNAL HORIZONTAL DEFORMATION
MEASUREMENTS IN A BEAM

Most embedded deformation sensors (e.g. SOFO system,!
micro-bending sensors, inductive sensors, etc.) measure the
relative displacement between two points inside the struc-
ture. The analysis of these measurements, generally obtained
with sensors placed horizontally in a bridge, is not straight-
forward. In order to determine the overall displacement field
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of the structure from internal deformation measurements, the
present algorithm uses the relation between the vertical and
the curvature of a linear prismatic beam element (Fig. 1).

Deformation of a beam: review

Considering the plane section conservation law of Ber-
noulli, the vertical displacements of a uniformly loaded
beam on n spans is expressed as a sequence of n fourth de-
grees polynomial with a C; continuity at their border.” Each
polynomial pi4 (x) domain includes a section of beam which
has a constant inertia, a constant uniform load, and end forc-
es and moments. The second derivative of the vertical dis-
placement gives n second degree polynomials. To determine
the exact displacement functions, it is therefore necessary to
retrieve the curvature functions P,-2 (x) on the beam sections
and to integrate them twice,* guaranteeing the C; continuity
on the boundaries.

Curvature measurement

According to Bernoulli’s assumption, the elongational
strain at any material fiber and the beam curvature are related
as

L. e )

r(x) y

1 €} border continuity: The function and its derivative are continuous at the borders.
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where

r = radius of curvature

X = curvilinear abscissa along the beam
£ = elongational strain

y = distance from the neutral axis

A relative displacement gauge, installed parallel to the
neutral axis, measures the elongational deformation of a fi-
ber of length /| (see Fig. 2). The integration of Eq. (1) gives

! ! !
j_dx_ ) _Jls(x)dxﬁljﬂ_
r(x) y Lt r(x)
0 0
L 2
j £(x)dx
= Lo 1l
Ly 'y T'm y-1y
where
., =  mean radius of curvature
I = initial sensor fiber length
L = final sensor fiber length

Equation (2) shows that a relative displacement gauge,
placed paraliel to the neutral axis measures the mean curva-
ture 1 of the element of the beam. In the case of combined
bendirﬁg and axial load and temperature variations, it can be
shown that a pair of relative displacement gauges, placed at
different distances parallel to the neutral axis are required to

measure the mean curvature of a beam element.

Curvature function of the beam sections’
The curvature function of each beam section is a second
degree polynomial of the form

Pi(x) = a* +bx+ ¢ 3)

Since the polynomial P%(x) has three unknowns, only three
independent measurements are necessary to determine these
three coefficients for a single beam section.

With three relative displacement sensors, we obtain the
following information (see Fig. 3):

1 .
— ! mean curvature on [x; ;x; ]
’

1

1 R
= ! mean curvature on [x,;x, ]
’

2

1 .
— : mean curvature on [x;;x;]

* Beam section: A segment of the whole beam with a constant inertia, a constant
uniform load and an additional introduction of concentrated load (force, moment, sup-
port reaction,...) only at its extremes. For example, a beam with two concentrated
loads can be divided into 3 sections; a beam uniformly loaded on 3 supports can be
divided into 2 sections.
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Fig. 2—Deformation of a relative displacement gauge for
pure bending

where x; and x; denote the left limit and the right limit, re-
spectively, of sensor i.

The coefficients a, b, ¢ are solutions of the following linear
system of equations:

X:

J(axz + bx+ c)dx

Displacement function of beam
Equation (3) gives the curvature function of the adjacent

beam sections. We retrieve the displacement functions by in-
tegrating them twice. Furthermore, the C; continuity of the
displacement functions must be guaranteed at the borders.
The displacement functions are expressed as

PH(x) = HP,?(x)dx'+ ax+Bpi=1,2,..,n @

where the constants of integration o;, and J;, are obtained by
enforcing the following continuity conditions:
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PHX =L, =P} (X=0) S (expression of dis-
Le -
placement continuity between two adjacent beam sections),
n = number of beam sections;

PY(X=L)=Pt (X=0) (expression of
i i i+1 p

ie[l;n-1]
slope continuity between two adjacent beam sections);

P{(X=0)=0 PXX =L,) = 0 (expression of

zero displacement boundary condition at both ends of the

beam). &)

There are two unknowns for the displacement field of each
of the n beam sections (see Eq. [4]). The above continuity
and boundary conditions give 2n equations from which the
([n-1] + [n-1]) + 2 = 2n unknowns can be obtained uniquely.

Discussion

We have determined that only three relative displacement
sensors, positioned at different locations in each beam sec-
tion, are sufficient to determine the displacement field of the
whole beam. The beam is subdivided in sections of constant
inertia and elastic response, uniformly loaded and with addi-
tional concentrated loads (force, moment, support reaction,
etc.) only at their extremities.

The above general hypotheses follows Bernoulli-Navier
beam theory and require the knowledge of the boundary con-
ditions of the whole beam (see Eq. [5]). The Bernoulli hy-
pothesis is usually satisfied under serviceability condition,
while the boundary conditions are known in general. Engi-
neers are interested in the beam’s internal forces. These forc-
es are induced only by the relative displacements of the beam
with respect to its chord. This means that the above method-
ology is able to extract the deformation of the beam but not
its rigid-body displacements in space (see Fig. 4). To obtain
information about these displacements, internal sensors are
obviously useless and other measurements relative to fixed
external points obtained using absolute sensors (such as
GPS, inclinometer, etc.) should be carried out. The minimum
number of sensors to be placed in the structure depends on
the number of parameters needed to retrieve its curvature.
One sensor is sufficient for the case of pure bending (con-
stant bending moment diagram), a couple of sensors are nec-
essary for the case of bending combined with axial force, and
one additional sensor per section of beam is sufficient in the
case of a linearly varying distributed load.

In a real prestressed concrete bridge with varying moment
of inertia, nonuniform load, etc., it is necessary to determine
the form of the curvature diagram (for example, through fi-
nite element analysis). Generally, the curvature diagram can
be approached by a second degree polynomial function. As-
suming that the position of the neutral axis is unknown, three
pairs of sensors could then be sufficient to determine the ver-
tical displacement of the bridge (see example of the Lutrive
Highway Bridge). An increased number of sensors will en-
hance the measurement precision through a least square fit-
ting algorithm and add some redundancy useful in the case
of sensor failures.
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Fig. 3—Curvature function measured for a beam section (e.g. Section 2)
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Fig. 5—Experimental setup of the load test (six pairs of fiber
optic sensors equip the whole beam)
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TEST OF THE ALGORITHM ON A TIMBER BEAM

A test has been carried out on a 6 m long timber beam with
a 112 x 156 mm? section on three supports. It was equipped
with 12 fiber optic deformation sensors of the SOFO system. '

The main beam is installed on three supports, and was thus
subdivided in two beam sections. To retrieve the beam over-
all deformation, the average curvature had to be measured in
each beam section of beam at three different locations. Each
section was therefore equipped with three pairs of fiber optic
sensors. Two optical fiber sensors of a given pair measured
the elongation and shortening above and below the neutral
axis. Assuming a constant temperature, only one sensor per
cell would have been necessary (see Fig. 5).

The beam deformation calculated by the algorithm pre-
sented above was compared to the beam deformation moni-
tored by four mechanical gauges installed under the beam.
The central support, not explicitly introduced in the algo-
rithm, provided another point of comparison. The beam is
loaded uniformly on one span and 7 mm of vertical deflec-
tion corresponds to the prescription imposed for most civil
beam type structures.

Figure 6 shows the comparison between the displacement
obtained through the present algorithm using the fiber optic
sensor outputs and those measured directly by mechanical
gauges. The results indicate a good agreement (global error
less than 8 percent). The existence of the central support is
also retrieved by the proposed algorithm.

TEST OF THE ALGORITHM ON A HIGHWAY
BRIDGE

To test the feasibility of the curvature measurements on a
full-scale structure, a highway bridge was selected. Since it
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Fig. 6—Beam on the three supports uniformly loaded on one span (the vertical displacement
profile calculated using the fiber optic sensors and those obtained directly with dial

gauges are compared)

Fig. 7—South view of the Swiss Highway Lutrive Bridge

is difficult to stop the circulation on a bridge to apply static
loads it and control its displacements, we chose to measure,
with the traffic, the vertical displacements due to the daily
temperature variations.

To allow the curvature measurements, the relative dis-
placement sensors should provide high resolution, no para-
sitic sensitivity to temperature, and no drift during the
measurement period. This led to the choice of SOFO.,! a fiber
optic sensor system based on low coherence interferometry.

In order to compare the vertical displacements obtained
through the fiber optic sensors with those given by an abso-
lute measurement system, the bridge was equipped with a
hydrostatic leveling system and an inclinometer.
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To verify the present algorithm, it is sufficient to compare
the vertical displacement profile calculated from the relative
displacement sensor data using the algorithm with the real
vertical displacement indicated by the hydrostatic leveling
system.

The Lutrive bridges: description

To test the algorithm on a real structure, a bridge with an
easy access to its upper and bottom section was preferable.
A box girder bridge built by the cantilever method was se-
lected.

The North and South Lutrive Bridges (Switzerland) are two
parallel twin bridges (Fig. 7). Each one supports two lanes of
the Swiss National Highway RN9 between Lausanne and

ACI Structural Journal / September-October 1998
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Vevey. Built in 1972 by the cantilever method with central
articulations, the two bridges are gently curved (r= 1000 m),
and each bridge is approximately 395 m long with four
spans. The two bridges have the same cross-section. It con-
sists of a box girder of variable height (from 2.5 to 8.5 m) and
two slightly dissymetric cantilevers, meant to reduce the ef-
fects of torsion in the curved bridges.?

The fourth span of the South bridge, equipped with a hy-
drostatic leveling system since 1988, was chosen to test the
algorithm. This span can be idealized as a cantilever beam
with a variable height. To measure the curvatures, six rela-
tive displacement sensors were placed in the interior of the
box girder near the top and the bottom of the bridge’s north
web.

The SOFO system
The SOFO system (French acronym for “Surveiliance

d’Ouvrages par Fibres Optiques,” Monitoring of Structures
by Fiber Optic Sensors) consists of a portable reading unit
and fiber optic sensors adapted to direct concrete embedding
or surface mounting. This system has been tested successful-
ly on several other bridges.> This measurement system is
based on low coherence interferometry in standard telecom-
munication fibers. This instrument was developed especially
to measure small deformations over time periods extending
upto a few years and provides a resolution better than 10 um
over measuring bases ranging from 10 cm to 100 m.

To measure the axial deformations at the top and bottom
of the web, 10 m long fiber optic sensors were cemented di-
rectly to the concrete.
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Hydrostatic leveling system (HLS)

The hydrostatic leveling system is based on the classical
physical law of “connected vessels” (Fig. 8). The vessels are
made of calibrated glass beakers connected with transparent
plastic tubes. Since the water level within the tubes always
stays on a horizontal plane, vertical displacements can be de-
duced from the difference of the water levels between the
deformed and the initial position of the structure. Vibration
generated by the traffic does not influence measurements be-
cause of the great inertia of the HLS. The error made on de-
flections for the overall system is of about + 0.5 mm.

Nevertheless in order to guarantee precision, some precau-
tions should be taken, such as:

*  The water density should be kept constant along all the
tubes by avoiding temperature variations inside the
HLS system;

*  Avoid doing the measurements on a windy day in order
to have a uniform pressure inside the bridge.

Furthermore, it should be mentioned that the HLS is inef-
fective below 0 C, obviously because of frost.

Number and sensor situation

The number of required relative displacement sensors de-
pends on the form of the bridge displacement profile for the
particular load case under consideration. In the present case,
it is sufficient to determine the displacement shape function
V(x) of a console beam with a variable height under a tem-
perature gradient. The curvature function V'"(x) of the
Lutrive Bridge (see Fig. 9) calculated with the finite element
code MAPSCOQUE using shell element shows that it can be
well approximated with a second degree polynomial func-
tion. In this way, only three pairs of sensors are necessary to
determine the vertical displacement profile.

The best suited length of sensors is determined by analyz-
ing the behavior of a virtual sensor, placed in the finite ele-
ment mesh and stretched or deformed under the load present
case (Fig. 10[a] and [b]). Placing sensors at the top and bot-
tom of a web of the box girder bridge, the curvature can be
deducted as:

Esup — 8inf — Alsup — Alinf
d l-d

(6)

where € is the strain, Al is the deformation, [ is the initial sen-
sor length, and d is the vertical distance between the sensors
of a same pair.

The smallest measurable displacement is given by the 10
pm resolution of the SOFO monitoring system: and the
smallest vertical distance d between paired sensors which is
about 2 m (near the mid span hinge). Considering the curva-
ture calculated by the finite element code, it is possible to de-
duce a minimal curvature of 10 m! (see Fig. 9) fora 1 C
temperature gradient. Thus, the adequate sensor length can
be calculated from Eq. (6). This equation indicates that 10 m
long sensors are sufficient to determine the vertical displace-
ment profile of the bridge under the expected temperature
gradients.

To obtain the best results, sensors must be placed in re-
gions where the curvature values are the highest. Figure 9
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Virtual sensor

(b)

Fig. 10—Virtual sensors placed between nodes of the ele-
ment finite mesh: (a) without temperature; and (b) with a 1
deg temperature gradient

gives directly the optimum sensor locations: uniformly dis-
tributed near the mid span hinge.

Experimental setup and measure

Fiber optics sensors were placed inside the bridge box at
three different locations: N degl, N deg2 and N deg3 (see
Fig. 11[a], [b] and [c]). With three pairs of sensors, the ver-
tical displacement profile is approximated by a fourth degree
polynomial, and the two hypotheses used in the double inte-
gration are a null displacement and rotation at the pile. The
first hypothesis is verified since the hydrostatic leveling sys-
tem also assumes a null displacement at the pile. Since the
bridge is supported by double piles, a temperature variation
between the two piles may produce variations in the rotation
of the cantilever, causing errors in the determination of the
vertical displacement profile. In order to use more realistic
boundary conditions in integrating the curvature equations,
an inclinometer was placed at 10 m from the mid-span hinge.
Its readings were used instead of the null rotation hypothesis
at the pile.

Measurements were performed during a 24 hr period on a
sunny day between July 6, 1996 at 2:00 pm and 7 July 1996
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at 2:00 pm. The temperature difference measured between
the upper and lower slabs of the box girders at the section
where the inclinometer was installed, oscillated between 2.4
and 5 C. Twenty-minute measurements were taken every 2
hours without stopping the traffic (which sometimes re-
quired a few trials before the bridge vibrations due to heavy
vehicles were sufficiently damped out).

Results

The curvature evolution during 24 hr of the N degl, N
deg?2 and N deg3 sections shown in Fig. 12 presents a cyclic
trend similar to that of the temperature gradient in the bridge.
The temperature of the bridge is a little bit higher after 24 hr.
This nonperiodicity is also visible in the evolution of the cur-
vature measurements. The bridge seems to get warm faster
than it cools, confirming that the temperature of a massive
body rises more rapidly by radiance than it lowers by con-
vection. The irregularities of the curves are due to the preci-
sion of the monitoring methods and the effects of the traffic.
Considering these three curves, the inclinometer placed 10 m
from the mid-span articulation and a null vertical displace-
ment at the pile as boundary conditions, the vertical displace-
ment profile V(x) is calculated for each measurement time.
The time-dependent function V(x,f) gives the vertical dis-
placement of the bridge cross section at coordinate x (the x
axis is placed along the bridge) at measurement time f. As
mentioned earlier, these measurements are relative and must
be transformed to their absolute value.

Figures 13(a) and 13(b) compare the time histories of ver-
tical displacements calculated using the fiber optic sensors
and those obtained directly from the hydrostatic leveling for
the bridge cross sections at mid-span and at quarter span. The
hydrostatic leveling precision for this particular system is
about x 0.5 mm. The precision of the vertical displacement
determined by the present mathematical model can be ob-
tained through a sensitivity study of the model. Considering
a precision of 10 um for the reading unit, 2 cm for the vertical
positioning of the sensor, 2 cm for the sensors length and 107
radians for the inclinometer precision, a standard deviation
of 20 um is obtained for the vertical displacement. Fitting the
two curves at 6:30 am, a good agreement is obtained between
calculated and measured displacement values. The mediocre
results obtained at 6:30 pm, 8:30 am, and 9:30 am can be ex-
plained by vibrations of the bridge induced by a strong traf-
fic. The other differences between the calculated and
measured vertical displacement can be explained by the var-
ious hypotheses of the mathematical model and the relatively
poor precision of the hydrostatic leveling system. This con-
crete box girder bridge does not exactly follow the Bernoulli
hypothesis; thus, the inclinometer does not measure the glo-
bal inclination of the bridge cross section. Also, the air pres-
sure may not have been uniform along the bridge.

CONCLUSIONS
The method presented here shows the possibility to deter-
mine the displacement profile of a beam type structure
(bridge, frame, etc.) from internal deformation sensor. It re-
quires the partitioning of the beam section and the instru-
mentation of each of these with only three pairs of
deformation sensors. In more complex cases (variable inertia,

ACI Structural Journal / September-October 1998
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tion sensors, and inclinometer: (a) general view; (b) longitudinal cross section; and (c)
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triangular load distribution, etc.), and when a higher level of The algorithm presented here can be applied to the anal-
precision is required, it is sufficient to add a few more defor- ysis of any type of relative displacement sensors. With a
mation sensors. For example, one additional sensor per beam deformation monitoring system having a precision of 10
section is sufficient in the case of a triangular load distribution. um and with 1 m long deformation sensors, it is possible to
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retrieve the vertical displacement profile of a beam with a
global error inferior to 8 percent. The proposed setup of cur-
vature measurement can be adapted to laboratory models as
well as to a real bridge, even with traffic perturbation. With
only a few sensors, it is possible to determine with reason-
able precision the relative vertical displacement profile of a
bridge. An additional absolute measurement system (GPS,
inclinometer, hydrostatic leveling, etc.) is necessary if the
rigid-body displacement in a earth bound reference system is
also required.

Moreover, the curvature measurements allow not only the
determination of the overall displacement profile, but also of
the source and importance of a detected problem. Until now,
the measurement of vertical displacements have been the
most important factor used in determining the health of a
bridge structure. With the emergence of new monitoring sys-
tems (such as fiber optic sensor) measuring integrated inter-
nal deformations, it will also be possible to take the curvature
measurements into consideration in the condition assessment
of bridges.

Such a “smart bridge” could rapidly establish its own
health state and, in case of problems, its diagnostic by deter-
mining which cross-section has a nonconforming curvature.
If equipped with a permanent curvature monitoring system,
the bridge could perform routine measurements and issue
alerts in case of a serious detected anomaly.
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